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Oct. 18 Combination and probability
Oct. 25 Random variables and probability distributions
Nov. 1 Representative probability distributions
Nov. 8 (First half) Random walk and gambler's
ruin problem

(Latter half) Brownian motion and diffusion
Nov. 22 Noise theory
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Nov. 15.
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Oct. 25 Random variables and probability distributions
« Random variables

Expectation values and variance

Multivariate probability distribution

Law of large numbers

Variable transformation
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Mathematical Statistics (Kenichi ISHIKAWA)

2-1 Random Variables

« Each eventis given a proper value, in order to handle probabilities more
mathematically.

— Numbers on a die: Integral values from 1 to 6 N
— Courses available at the Department of Systems Innovation :
A—1,B—2,C—3,D—4
— Courses available at the Department of Systems Innovation:
* eg, A——1, B—20, C—33, D—400 (Not impossible, but it merely
complicates handling.)
— Itrains —1, Itdoes notrain —0

They are assigned
> various values, being
ruled by coincidence.

J

Random variables (a.k.a. stochastic variable) — Reference book [1], p. 36

Consider the variable X , to which appropriate values correspond for an elementary event in
a sample space. Although the value assigned to this variable is ruled by coincidence, this X
is defined as the random variable; provided, the probability that X assigned the specific
fixed value x (ie, the probability of occurrence of an elementary event).

(i) the list of values to be taken by such random variable.
To fix a random variable, it requires: {
(if) The determination of the probability with which

-TBL1
EEEE <, 25/, 8 such values are taken.
4 ZTAH.@%ﬁO:I—z No. 4

Program for Biologica



A51F 4

TBL1

HEREHERETSICE
ENHEBEDIA R
ZDEEESVOFERTESD

TECBO, 2005/03/16



2-1 Random Variables Mathematical Statistics (Kenichi ISHIKAWA)

In the discrete case (taking only discrete values): Probability density
— Reference book [1], p.37

» Consider the case in which the random variable X is discrete, taking a finite quantity of values.
The probability that X turns out to be x; (i=1,2,- -,n) is represented as P(X=x;) = p;

— [Example] In the case of die casting: p;=p, =" =pg=1/6

The probability can be written in the form of a function as follows:

f(x)= { o 7= ?(‘) Probability density
0 (otherwise)

In some discrete cases, it is referred to as the probability function.

Zn:f(xi)=f(xl)+f(x2)+z+f(xn):1 00

i=1

1/6 e o o o o o




2-1 Random Variables Mathematical Statistics (Kenichi ISHIKAWA)

In the discrete case: Distribution Function ~ — Reference book [1], p. 37

»  First, consider the probability that the values taken by random variable X does not
exceed X. For this probability, a function F(x)= P(X < x) can be considered.
This function is referred to as the distribution function.

[Example] In the case of die casting: F(2)=1/3, F(2.5)=1/3
F()T
14 —_—

| b | p—
-
176 $ 1L e Y |

=1 )

S0 23467 O
X <X

Since F(x) is a stair-like function without decreasing x;
F()=1 F(-©)=0
Pla<X<f)=F(A-F(a)= 2 f(x)

0!<Xi£ﬂ

— Reference book [1], p.38
EEII >
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2.1 Random Variables Mathematical Statistics (Kenichi ISHIKAWA)

In the continuous case: Probability density/distribution function — Reference book [1], p.38

* A function f(x) is defined as the probability density, if the probability that the random variable X exists
between x and x+Dx assigns:

P(x <X <x+Ax)= [ "™ f(y)dy = f(x)ax

Note: Always try to consider the probability pertaining to the range of the random variable X. The
probability that such a value will be certain is zero!

Distribution IX Monotonically increasing function:
Function F(x)= . f(y)dy | = F(0)=1 F(-0)=0

P(a<X < p)=F(B)-F@)=[f(xx

dF(x)
1.04F(x) f(X)— dX
f(x) .
0.15- \ j_ f(x)dx=1 CuElg
0.6 -
0.10-
0.4-
0.05-
0.2-
0.00 ! |
X X+AX 0.0 | |
10 N 0 > X -10 -5 0 5 X

Probability Density Distribution Function




2-1 Random Variables Mathematical Statistics (Kenichi ISHIKAWA)

In the continuous case

[Example] Find the distribution function F(x) by fixing the value ¢ so that

¢ (‘X‘Sl) (uniform distribution) can be the probability density.

the function f(x) :{
0 (‘X‘ >1) — Reference book [1], p.40

[ f(x)dx=2c:1:>c=%

J 0 (x <-1)
FOO=[* fy)dy=4(x+1)/2 (-1<x<1)
1 (x>1)
0.5 f(x) 1.09F(x)
0.4 0.8+
0.3 0.6
0.2 0.4
0.1+ 0.2
0.0 T 1 X 0.0 f T T X
-2 -1 0 1 2 -2 -1 0 1 2
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2-2 Expectation values and Variance - referencebook 1]

Probability density (probability distributions) — Completely
characterizes the random variables

Some index/indicator

will be reqb

- The probability density includes many unknowns in its detail.
- Much detail of the probability density is inconsequential. }

Expectation values or mean/average — Extremely
n important
4 D> xf(x)  (Inthe discrete case)
H=Y i

) | _f_a; xf(x)dx  (In the continuous case)

0.30

- [Example] x>0)

= xe* (x> »

] f(x)= = | x%dx=2

o0 (x) { 0 (x<0) —> M IO

0.00 -

' — Reference book [1], p.43



2-2 Expectation values and Variance Mathematical Statistics (Kenichi ISHIKAWA)

Variance: Indicates where and how widely the random variables X is being distributed.

, D (% =) f(x) (Inthe discrete case) — Reference book [1], p. 44
V(X)=0o"=y &

l _[_o;(x— 1)° f(x)dx (In the continuous case)

Standard deviation: Indicates the square root of variance (ie, o), as well as
how the distribution width is being deviated from average.

[Example] Die =35 of= 8.75 _ 292 0=4292=1.71
3

(x= O) :>a—_[(x 2)2xe*dx=2 o=+/2

[Example] -x
el {xe
0 (x< — Reference book [1], p.45

Large standard deviation: Degree of deviation of distribution is high.

Small standard deviation: Distribution is concentrated around average value.

IEED S A7 L BIRER No. 10
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2-2 Expectation Values and Variance Mathematical Statistics (Kenichi ISHIKAWA)

Moment — Reference book [1], p. 48

Expectation value of Function o(X) - o\ _| 2 o) f(x)
of the random variable X [o(X)]= =1
7 o) F(x)dx
- k Z(x) f(x,)
Especially, | k-th moment E[X*]=1]
j X* f (x)dx
2 _ Y
E[XO]:l o = E[(X2 ,u) ] - Secznd moment around the average
E[X']= u = E[X"]-24E[X]+u

=E[X"]-4

Strain Rate  7=E[(X—u)°] | »=0, if the distribution is symmetric.

EEE S A7 LB No. 11
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2-3 Multivariate probability distribution

— Reference book [1]
 Simultaneous-probability distributions — Probability distributions shown in
simultaneously performing multiple trials.

— [Example] Cast two dice, letting spots on each die be the random variables X and Y.
Then, consider the events of occurrence of 2<X<5 and 3<Y<5 and the probability
thereof (Two-dimensional probability distribution) .

* Inthe discrete case
— Values taken by X: x4, X5, * *, X,
— Values taken by Y:y;, Vo, **, ¥,

— Let us represent the probability that X takes the values of x; (i = 1, 2,- -, m), and that
Y takes the values of y; (j = 1, 2, -, n) as py:
P(X=x;, v:yj) = Pj

Probability

( pij (X:Xi’y:yj)
density

In the case of two dice
f(x,y)= R
$42) {0 otherwise f(h])—%(lﬁl,jSG)

Distribution — < =)= e _1
Fooiaton F(xy)=P(X<xY<y)=2, 2f(x.¥) | F@3=

XSX YSy

) 22 f(xy)=L
- - i=1 j=1
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2-3 Multivariate probability distribution

 Simultaneous probability distributions (In the continuous case) — Reference book [1], p.56

Probability Density P(X<X<X+AXy<Y <y+Ay)= IXX+AXer Iyy+Aydy’f(x',y')

Distribution Function F(x,y)=P(X<Xx,Y <y)= I_de’ J._y dy'f (x',y")

|::> F(O0,00) = _[_idx j_i dyf (X,y) =1

« Marginal probability distributions (in the discrete case) — Reference book [1], p.57

— To find, for example, how X is being distributed irrespective of the values of Y in
the two-dimensional probability distributions, it suffices to add every Y value at each

X.
) pytp,+L +p, = Z p.  (if x=x) Marginal distribution function
h(x) ‘J S il F()=PX<x)= 3 f,(x)
0 otherwise X <X
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2-3 Multivariate probability distribution — Reference book [1], p.58

« Marginal probability distributions (in the continuous case)

— To find how X is being distributed irrespective of the values of Y in the two-
dimensional probability distributions, it suffices to perform integration of the Y
values at each X.

Marginal probability density f,(x)= J_Z f(x,y)dy

Marginal distribution function  F(x)= J_X f.(x")dx’

ngna 2 ARG,
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2-3 Multivariate probability distribution — Reference book [1] p.59

e Conditional probability distributions (In the continuous case)

X+AX , y+AY , ;o
P(x<X£x+Ax,y<Y£y+Ay)_J‘X dx.[y dy't(x,y’)

P(y<Y <y+Ay) - J' vt ()
y —
f(x,y)dxdy f(x,y) dx Marginal probability density
Lydy  f(y)
Conditional f(x|y)= 1)
probability density ,(Y)
f(x,y)dx
|7 f(xlyydx= I tou) 1
f,(y)

» Independence of random variables (Statistical independence)
fy)= 0Ly ) fxy)=f(0)

[Example] Spots on each die, X and Y, when casting two dice

"BEE L ATLRRENCE, No. 15



Mathematical Statistics (Kenichi ISHIKAWA)
2-3 Multivariate probability distribution

» Expectation Values and Variance
— Definable in the same way as the case of 1-variable  Function of X and Y: @(X,Y)

ZZ(P(Xi Yi)F(X,Y.)  Inthe discrete case
E[lo(X,Y)]=9 == J J

| _[_O:odx I_O:O dye(x,y) f(X,y) Inthe continuous case

Average u,=E[X], u, =E[Y] — Reference book [1] p.60
Variance o2 =E [(X -u,)’ ) o, =E [(Y —,uy)z]

Covariance o,, = E[(X—z,)(Y _,Uy)] — Reference book [1], p.61

- . - ny
Correlation coefficient Py =——

0,0,

-1<p,, <1

X and Y are independent. = p, =0 “Xand Y are not correlated with

one another”
} ( Consider E[{A(X — 1, )+ (Y — 1, )} -
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2-3 Multivariate probability distribution

o Expectation Values and Variance

— If the expectation value and variance of each individual random variable are known,
then, what will the expectation value and variance of the sum of such random
variables be?

The expectation value of the sum of the random variables is the sum
of each individual average value.

E(X+Y)=E(X)+E(Y) — Reference book [2] p.128

The expectation value of the product of independent random variables
IS the product of each individual expectation value.

E(XY)=E(X)E(Y) — Reference book [2], p.130

The variance of the sum of the independent random variables is the
sum of each individual variance.

V(X+Y)=V(X)+V(Y) — Reference book [2], p.133
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2-4 Law of Large Numbers

e Chebyshev’s inequality (P.L. Chebyshev, 1821-1894) — Reference book [1], p. 46

This inequality mathematically represents the fact that the variance or the
standard deviation shows the degree of distribution expansion.

" u-ac

o*(X)= | (x— )’ f(x)dx+j

=a’0’P(X - u|>ao)

> [ (x— )’ f(x)dx+J.ﬂ+a

> [ (o) f(xydx+ |~
¥ —0 pu+a

_ 3252 (J‘ :a" f(x)dx + _[ Zaa f(x)dx)

a(aa)z f(x)dx

*(x- )’ f(x)dx+J- (x= ) £ (x)dx

G(x — u)* f(x)dx

1
|:> P(‘X _:“‘ >a0) < 32 Chebyshev's inequality | Effected by any probability distribution

-The probability that the values of the random variable X deviate two-times of standard deviation from the average

value: Not exceeding 1/4.

-The probability that the values of the random variable X deviate three-times of standard deviation from the average

value: Not exceeding 1/9.

agag YATLRIRE
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2-4 Law of Large Numbers

* Chebyshev's inequality
This inequality mathematically represents the fact that the variance or the
standard deviation shows the degree of distribution expansion.

1
a’

P(X —y>ao)< Chebyshev's inequality

[Example] 200 examinees took an exam. The average mark was 60, and the
standard deviation was 6. How many examinees who attained marks ranging

from 42 to 78 are there at the minimum? — Reference book [1], p. 47

200 x(l—ij:177.8 :> 178 or more examinees

32

The Chebyshev's inequality can also be written as:

2

p(‘x _ ﬂ‘ > ) < iz Chebyshev's inequality
(94

Mathematical Statistics (Kenichi ISHIKAWA)
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2-4 Law of Large Numbers

(Chebyshev's Theorem )

— Reference book [2], p. 137
X, X, ..., X, : Random variables independent of each other

o’ (X, )<c, k=12,3Z ,n, where
< ajzl

N—o0

for a given positive o .

o (Y,)

2
(04

IimPUXl +L +X, E(X))+L +E(X,)
n n
[Proof] v =Xt X = py _E(Y,)>a)<
n
GZ(Y ): Gz(xl)_l_'I +O-2(Xn) <E
" n

n2

=> P(Y,—E(Y,)<a)21-

n

In particular, if E(X,)=a (k=1,2,3,L ,n) for every k, then,

<05j=1

N—>00

lim P(I%(Xl +L +X,)-a

— Reference book [2], p. 138

YATL

C
(94

2

Mathematical Statistics (Kenichi ISHIKAWA)

Law of large numbers —=s— Extremely important base for mathematically handling experimental
probabilities! Many academic domains involving the regularity of mass
phenomenon including physics, economics, and others rely on this Law.

No. 20
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2-5 Variable Transformation - reference book 1]

* It may be necessary to transform the random variables when handling diverse probability
distributions.

If a new random variable Y is introduced when the probability density of
the random variables X is f (X), then, what will the probability density g(Y)
thereof be?

When the probability density of the random variable X is f (X), we need to
Introduce the random variables Y=@ (X) sufficing the probability density
g(Y) which is distinct from the random variable f (X). To this end, what
function should @ (X) be?

Irrespective of being denoted by X or Y, the probability does not differ.
X+dx , , y+dy , ,
P(x< X <x+AX)=P(y<Y <y+Ay) = I f(x")dx =Iy g(y")dy

= 1(0de=gy)dy = g(y)=f(><)3—§=f(><)(%j = O[]’

OEEE ZATLRIRCFE No. 21
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2-5 Variable Transformation Mathematical Statistics (Kenichi ISHIKAWA)

3 dx AN ronT-L
g(y) = f(X)d—y— f(X)(d—Xj = FO)[P'(¥)]

[Example] In the case of linear transformation Y = aX + b (a and b are constants.) :
— Reference book [1], p.52

: —b dx 1 b
Since x=Y~P M™X_21 __f(y )
2 'dy a a(y) "

= | yaydy= | (ax+b)f (x)dx=au, +b

ot = | (y-u ) o(y)dy=] " (ax+b-au, ~b)? f (x)dx
—a? | (x—p, ) f(x)dx=a’0?



2-5 Variable Transformation

3 dx AN ronT-L
g(y) = f(X)d—y— f(X)(d—Xj = FO)[P'(¥)]

[Example]
Given that the probability density of X i

IS f(x)=\/;

—x2/2

(standard normal

Mathematical Statistics (Kenichi ISHIKAWA)

distribution) 2, =0, &> =1, find the probability density, average, and variance of Y

when linearly transforming Y=2X+3.

— Reference book [1], p. 53

= o350 [

py=2u,+3=2-0+3=3 0.2
0.1
o,=2"0,=2"1"=4
0.0-

f(x)

g(x)

OERE 325
EoE ZATLRIRF F‘O:n—
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2-5 Variable Transformation Mathematical Statistics (Kenichi ISHIKAWA)

1 0<x<1

Example] When the probability density of X is f(x)= '
[Example] p ility density is f(x) {O X<O’X>1(un|form

distribution), we need to perform a transform Y=d(X) that enables the

robability density of Y to be —e ¥z

p y y a(y)= N

To this end, find ©(X).

1.05f(x) 0.4-9(y)

0.8 0.3

0.6

0.4 > 0.2+

0.2 1 0.1+

0.0 T T T xn 0.0 f T T T T T T

1.0 0.0 1.0 2.0 3 2 -1 0 1 2 3y
y 1 _2p 1 y 1 2212
X=| ——e " '“dz X—==| — dz
I 27 = ] 27

Find y numerically.
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